We investigate, numerically and experimentally, the effect of thermo-optical (TO) chaos on direct soliton generation (DSG) in microresonators. When the pump laser is scanned from blue to red and then stopped at a fixed wavelength, we find that the solitons generated sometimes remain (survive) and sometimes annihilate subsequent to the end of the scan. We refer to the possibility of these different outcomes arising under identical laser scan conditions as coexistence of soliton annihilation and survival. Numerical simulations that include the thermal dynamics show that the coexistence of soliton annihilation and survival is explained by TO chaos accompanying comb generation. The random fluctuations of the cavity resonance occurring under TO chaos are also found to trigger spontaneous soliton generation after the laser scan ends. The coexistence of soliton annihilation and survival as well as spontaneous soliton generation are observed experimentally in a siliconnitride microresonator. The elucidation of the role of TO chaos provides important insights into the soliton generation dynamics in microresonators, which may eventually facilitate straightforward soliton generation in fully-integrated microresonators.
Chaos is a fundamental phenomenon that widely exists in physics, biology, engineering [1] as well as in financial market [2] . In optical microreosnators, the interplay between optical field and mechanical motion can lead to chaos [3, 4] . However, the interplay between the optical field and thermal field generally does not lead to chaos in weakly pumped microresonators, due to thermal locking effect [5] . In strongly pumped microresonators, nonlinearity can lead to Kerr comb generation [6, 7] . Some states of Kerr combs exhibit chaos in the intracavity power under dynamics governed by nonlinearity and dissipation [8] [9] [10] [11] [12] [13] . This optical chaos can result in thermal chaos via the thermo-optical (TO) effect, which shifts the cavity resonance and the pump frequency detuning stochastically [5] . Since the comb properties, including coherence, bandwidth, output power [10, [14] [15] [16] [17] [18] [19] are sensitive to pump frequency detuning, thermal chaos will act back on the optical chaos. We refer this interplay between optical chaos and thermal chaos as TO chaos.
The influence of TO chaos is especially important for the soliton Kerr comb generation [10, 14] , as the transition from the chaotic state to the soliton state is accompanied by a significant drop in the intracavity power, which strongly blue-shifts the cavity resonance. This blue-shift could cause the pump to fall out of resonance. Hence, the soliton generation exhibits a transient instability in microresonators with strong thermal effect, such as silicon-nitride (Si 3 N 4 ) [14, [20] [21] [22] and silica (SiO 2 ) cavities [23] . To mitigate the transient instability, complicated experimental methods are needed. For instance,"power-kicking" [14, [24] [25] [26] or backward tuning [20, 21, 27, 28] , are usually needed for soliton generation in Si 3 N 4 or SiO 2 cavities. The"power-kicking" method needs additional devices (acousto-optic modulators or electro-optic modulators). The backward tuning method is limited by the response time of lasers or heaters and only works for samples exhibiting soliton-step of long duration. For full integration of the comb system and out-of-lab applications, it is better to avoid the additional devices and complicated experimental methods. Hence, direct soliton generation (DSG), which we define as simply tuning the laser from the blue to the red and stopping at a specific wavelength to excite the soliton, is highly desired. DSG was first demonstrated in MgF 2 whispering gallery mode cavities [10] , and it benefits from the low TO coefficient of MgF 2 (an order of magnitude lower than Si 3 N 4 and SiO 2 ) [29] . DSG is also possible in Si microresonators, but assistance from multi-photon absorption and free carrier absorption are needed [30] . DSG has also been demonstrated in chip-scale Si 3 N 4 microresonators [31, 32] ; however, the generation dynamics remains largely unexplained and the role of TO chaos is not unveiled. Since Si 3 N 4 has low loss in the telecom band and is compatible with CMOS integration [33, 34] , understanding of DSG in Si 3 N 4 microresonators is critical for the integration of soliton Kerr combs, which could greatly shrink the footprint of light sources for optical communications [35] [36] [37] , spectroscopy [28, 38, 39] , arbitrary optical waveform generation [40] etc.
In this Letter, we investigate DSG in Si 3 N 4 microresonators numerically and experimentally. In addition, we show two phenomena in DSG: 1) solitons generated during identical laser scans in different experimental trials can either remain (survive) or annihilate subsequent to the end of the scan (we refer to this as "coexistence of soliton annihilation and survival), 2) delayed spontaneous soliton generation after the end of the laser scan. Although number of the generated solitons has been shown to be stochastics [10, 14, 27, 41] , the random nature in soliton annihilation and survival due to TO chaos has not been predicted or demonstrated yet, to the best of our knowledge. By modeling the soliton generation in Si 3 N 4 microresonators using the generalized LugiatoLefever equation (LLE) [42, 43] , supplemented by the thermal dynamics [27, 44, 45] , we numerically predict the coexistence of soliton annihilation and survival in DSG. The presence of TO chaos also allows various routes to soliton formation, including a spontaneous soliton generation route, where the Kerr comb transits to the soliton state spontaneously after the laser scan ends (while the laser frequency is held constant). In experiments, we demonstrate DSG in a Si 3 N 4 microreosnator and observe the simulated coexistence of soliton annihilation and survival, as well as the spontaneous soliton generation.
In Kerr comb generation, solitons are only supported in a narrow range of detuning, which we refer to as the soliton supporting range (SSR) [10, 15, 18 ] (see Fig.  1(a) ). Moreover, the characteristics of the waveform in the chaotic state will affect how many pulse-like structures can develop into solitons. The intracavity power drop and the corresponding cavity resonance blue-shift that occur with transition from chaotic to soliton states depend on the power prior to soliton formation and the number of solitons generated and will differ in repeated trials. In some cases, the pump frequency detuning stays within the SSR, resulting in soliton survival in DSG; while in the other cases, detuning is shifted out of the SSR, resulting in soliton annihilation, as illustrated in Fig. 1(a) .
To analyze the soliton generation dynamics quantitatively, we start our investigation of the soliton generation with numerical simulation based on the generalized LLE [42, 43] , including thermal effects [27] . In simulations, thermal effects will have an additional pump phase detuning in the LLE. Here, we write the generalized LLE as [18, 27] 
Here, E, t R , L, ω 0 , β 2 , γ, α, κ are the envelope of the intracavity field, round-trip time, cavity length, carrier frequency, group-velocity dispersion, nonlinear coefficient, intrinsic and coupling loss, respectively; R(τ ) is the nonlinear response, including the instantaneous electronic and delayed Raman response (see Ref. [18] for its calculation method); δ 0 = (ω r0 − ω p )t R is the laser detuning (ω r0 is the cold cavity resonance, ω p is the pump frequency), δ Θ = (ω rΘ − ω r0 )t R is the thermal detuning (ω rΘ is the cavity resonance shifted by thermal effects, but not by the Kerr effect). The thermal dynamics is included in Eq. 2, where P is the average intracavity power, and ξ is the coefficient describing the shift of the detuning in response to the average intracavity power, which depends on the material absorption and the fraction of power absorbed converted to heat and is chosen as −4.5 × 10 4 (Ws) −1 in simulations; τ 0 is the thermal response time, which is measured to be sub-microsecond in our fabricated microresonators previously [46] . Note that τ 0 also depends on the design of the cavity and we set it to be 100 ns to reduce simulation time. To resemble common resonators, we choose parameters as:
For brevity, we denote and normalize the laser detuning, thermal detuning, and effective detuning as,
The simulation starts from noise and we tune ∆ 0 linearly from −3 to 25 in 0∼2 µs and hold it at 25 in 2∼4 µs to trigger soliton formation. For the chosen ξ, various soliton generation dynamics exist under the same scan conditions. In Fig. 1(b) I, the Kerr comb starts to form into solitons around the end of the laser tuning. With the power drop in the soliton transition, thermal detuning increases (becomes less negative) and ∆ eff increases, exceeding the SSR, which is indicated by the green shaded boxes in Fig. 1(b) (SSR for the used pump power is 9.2 < ∆ eff < 17.9, which is mapped out by scanning ∆ 0 from −3 to 25 without thermal effects). Consequently, solitons annihilate due to thermal induced resonance blue-shift. In contrast, in some other scans ∆ eff remains in the SSR after the soliton transition, and the solitons survive in DSG ( Fig. 1(b)II) . Furthermore, the presence of TO chaos also allows distinct routes to soliton formation. For instance, in some scans the comb remains in the chaotic state with a blue-detuned pump over the full 4 µs simulation ( Fig. 1(b)III) . However, the transition to the soliton can happen spontaneously, even the comb remains in a chaotic state for finite time after the laser scan stops (Fig. 1(b) IV) . Similar spontaneous transition to coherent state has also been observed in soliton crystal generation in silica microresonators but remains unexplained [47] . Here, we attribute the spontaneous soliton generation to TO chaos. The intracavity power changes stochastically in the chaotic state; if the power drops to some level (∆ Θ becomes less negative) and ∆ eff increases to approach the SSR, soliton formation is triggered.
In Fig. 1(c) , we show the coexistence of soliton annihilation and survival in 50 scans (only 20 scans are shown for clarity). The existence ratio of soliton annihilation and survival is comparable with ξ = −4.5 × 10 4 (Ws) −1 . The annihilation or survival of solitons is strongly affected by the final intracavity power. For all the cases of soliton survival, the soliton number (6) and the final power are the same. This is because certain level of final intracavity power is needed to have a final ∆ Θ to hold ∆ eff in the SSR. Thus, the soliton number is constrained. If the soliton number is too large or too small, the final ∆ Θ cannot support ∆ eff in the SSR and solitons annihilate. Since soliton number depends on the waveform of the chaotic state, TO chaos is critical for the soliton annihilation and survival. Therefore, TO chaos constitutes a new mechanism for the coexistence of different states in the same nonlinear system, which is different from the coexistence of different mode-locking states in a fiber laser, arising from the spectral filtering and high order nonlinearity [48] . The coexistence of soliton annihilation and survival only occurs a certain range of the thermal strength parameter. For instance, solitons tend to annihilate in all the scans under stronger thermal effects with ξ = −1.2 × 10 5 (Ws) −1 ( Fig. 1(d) ). With larger ξ, ∆ 0 should end at a larger value to induce soliton transition (tuned from −3 to 57 and held at 57), thus requiring a large soliton number (high final power) to hold ∆ eff in the SSR for soliton survival (see Sec. 1 of Supplementary Information for an estimate of the needed final power). Although the soliton number is stochastic, it follows some distribution [27, 41] and too large a soliton number may not be accessible. For weak thermal effects, e.g., ξ = −1.2 × 10 4 (Ws) −1 , ∆ 0 is tuned from −3 to 14 and held at 14 to induce soliton transition and solitons survive in all the 50 scans ( Fig. 1(e) ). Moreover, the soliton number is random, as soliton number will not affect ∆ eff significantly for weak thermal effects.
In experiments, we test DSG in a Si 3 N 4 microreosnator, with a loaded Q-factor of 1.1×10
6 , geometry of 800×2000 nm, 100 µm radius, dispersion of −60 ps 2 /km. The tuning of the laser is calibrated by a wavemeter with 20 MHz resolution, well below the linewidth of the pumped resonance (180 MHz). Hence, laser scan starts and stops at the same wavelength for different scans (∆ 0 is tuned in the same way). The converted comb power (removing the pump by a notch filter) is measured during the laser scan (See Sec. 2 of Supplementary Informa- tion). Since acquiring data from wavemeter and powermeter takes ∼10 ms, tuning of the laser is much slower than in simulations. However, we find the slower tuning still captures the general dynamics of DSG (see Sec. 3 in Supplementary Information, which also shows the thermal response time has a minor effect on DSG but is critical to the soliton-step length). We first map out the soliton-step of the studied cavity and choose a wavelength around the middle of the step as the stop wavelength (chosen as 1551.0301 nm, Sec. 2 in Supplementary Information) under the pump power of 200 mW. Then, we tune the laser to the stop wavelength and hold at the stop wavelength to demonstrate DSG. Soliton Kerr combs are generated successfully; the cavity generally supports multiple solitons, with a representative spectrum shown in Fig. 2(a) . The spectrum is structured with the center frequency shifted to the red of the pump due to Raman effects (soliton-self-frequency shift), which is evidence of soliton operation, as other states do not exhibit this shift [22] . After the solitons stabilize, we can get the single-soliton state, with smooth sech 2 -like spectrum ( Fig. 2(b) ), by backward tuning the laser. By measuring the power change during backward tuning [27] , soliton number can be deduced. The comb in Fig. 2(a) is found to consist of 5 solitons.
We then run 50 laser scans (scan to the stop wavelength and hold for ∼10 s) and record the power evolution to verify the coexistence of soliton annihilation and survival and spontaneous soliton generation. In Figs. 3(a-d) , we show various routes to soliton generation in DSG. In some scans, the transition to solitons can happen before the scan ends (Figs. 3(a), (b) ). However, the comb can also be chaotic, when the laser scan stops (Figs. 3(c), (d) ). If the comb is chaotic, the comb may switch to a soliton state spontaneously in some cases after the scan stops ( Fig. 3(d) ). From Figs, 3(a-d) , we can also see the coexistence of soliton annihilation and survival. To further demonstrate this coexistence, we show the final power after holding 10 s in Fig. 3(e) , which clearly shows both soliton annihilation and survival states. Furthermore, the fraction of soliton survival and annihilation outcomes are comparable. Moreover, we also see the power restriction in the soliton survival state, as simulations predict; the soliton number is limited to 4 and 5. We also note that DSG is not restricted to a very specific pump power and stopping wavelength. For instance, DSG can be achieved under larger laser detuning (stop at 1551.0333 nm) and higher pump power (300 mW). In that case, the soliton number tends to be larger for soliton survival (Fig. 3)(f) . The intracavity power before soliton formation becomes higher with stronger pump. To avoid a strong intracavity power drop upon soliton formation and balance the larger laser detuning to hold ∆ eff in the SSR, a larger number of solitons is needed. The increase in soliton number is consistent with simulations (see Sec. 4 of the Supplementary Information, which also shows the spontaneous soliton generation under 300 mW pump power).
In conclusion, we show DSG in Si 3 N 4 microresonators numerically and experimentally. Soliton annihilation and survival can coexist in DSG for cavities with modest thermal effects. We also observe various routes to soliton formation, including spontaneous soliton generation from a chaotic state. The spontaneous soliton generation and slow laser tuning speed used in DSG show rapid and precise control of the laser tuning is not necessarily required. Lowering thermal effects can facilitate simple DSG. The contribution to thermal absorption in Si 3 N 4 cavities mainly lies in the N-H bond absorption, which can be suppressed by annealing [49] [50] [51] . With more investigation of the mechanism of the absorption contributing to heat in microresonators, simple method can be used for the soliton Kerr combs generation in various materials cavities.
ESTIMATION OF FINAL POWER
The final power is closely related to soliton annihilation and survival. In Fig. 1(d) of the main text, solitons annihilate in all the scans under strong thermal effects with ξ = −1.2 × 10 5 (Ws) −1 . As a typical case, we show the evolution of ∆ eff under this strong thermal effects in Figs. S1 (a), (b). We need to stop at a large laser detuning (∆ 0 =57) to induce soliton transition (choosing smaller ∆ 0 will only yield a chaotic comb). Solitons can form spontaneously after the laser scan ends. The intracavity power is 4.9 W within the soliton step region, which is not sufficient to maintain ∆ eff in the SSR; therefore the solitons annihilate. Here, we give a simple estimation of the final power needed to support soliton survival in this case. When the cavity reaches a steady state, dδ Θ /dt = 0. This leads to δ Θ = ξP τ 0 . In order to have ∆ eff in the SSR, we should have,
Using τ 0 =100 ns, α + κ=0.0037, ξ = −1.2 × 10 5 (Ws) −1 , ∆ 0 =57, the final power should be 6.03 W < P < 7.37 W. As 6 solitons correspond to a power of 3.39 W (Fig. 1(c) in the main text), this power requires the soliton number to be 11, 12 or 13, which is not accessed in the 50 scans.
In contrast, if thermal effects are weak (ξ = −1.2 × 10 4 (Ws) −1 in Fig. 1(e) of the main text), we can stop at a small laser detuning (∆ 0 =14) to induce the soliton transition (Figs. S1(c), (d) ). The final intracavity power can be as low as 2.92 W to have ∆ eff in the SSR and support soliton survival. Based on Eq. S1, we find soliton number from 1 to 13 can all support soliton survival, with ξ = −1.2 × 10 4 (Ws) −1 , ∆ 0 =14. Hence, the final intracavity power has minor effect on soliton annihilation and survival when ξ is small.
EXPERIMENTAL SETUP AND METHOD
The experimental setup is shown in Fig. S2(a) . The Si 3 N 4 microresonator is pumped by an amplified cw laser. The converted comb power (after blocking the pump line by a notch filter) is measured during the comb generation. The tuning of the laser is also controlled by a computer; a wavemeter, calibrated by a cw laser stabilized to a femtosecond comb, is used to ensure the laser scan starts and ends at the predetermined wavelengths. In DSG, we first scan the laser across the resonance to map out the soliton-step and then choose the stop wavelength based on the mapped soliton-step. In Fig. S2(b) , we show two typical converted comb power traces. We can see distinct soliton-steps in different scans. The soliton-step length can be >100 ms in some cases. Here, we choose a wavelength near the middle of the soliton-step of scan 1 (1551.0301 nm) as the stop wavelength of DSG.
For wavelengths before the falling edge of the soliton-step, the comb is in the chaotic state. As an example, we stop the laser at the wavelength indicated by the dashed line in Fig. S2 
DIRECT SOLITON GENERATION UNDER STEP-TUNING AND SHORTER THERMAL RESPONSE TIME
Limited by the computation ability, the laser tuning speed used in simulations is much higher than experiments. In experiments, every tuning of the laser takes ∼10 ms, much longer than the cavity lifetime. Therefore, the tuning of the laser can be regarded as step-like tuning. We show the simulated intracavity power change with step-like laser tuning in Fig. S3(a-b) . The laser detuning ∆ 0 is tuned from −3 to 25 in a step-like way (the increment between steps is 1 and every step lasts for 200 ns, ξ = −4.5×10 4 (Ws) −1 ) and is held at 25, as shown in Fig. S3(a) . The comb still exhibits the coexistence of soliton annihilation and survival with the step-like tuning, as shown in Fig. S3(b) . Furthermore, the formation of solitons can take place after the end of the laser scan. Hence, the spontaneous soliton generation can also happen with stepped laser tuning. Furthermore, we also tested DSG under shorter thermal response time. With a shorter thermal response time, the tuning of the laser is effectively slowed. Here, we decrease the thermal response time to 10 ns (ξ increased to −4.5×10 5 (Ws) −1 accordingly to have same the thermal effects, see Sec. 1 and Eq. S1 for the reason to increase ξ) and use the same tuning method as used in the main text (shown in Fig. S3(c) ). The intracavity power change in Fig. S3(d) shows that coexistence of soliton annihilation and soliton survival still occurs with this effectively slower tuning. Also, the solitons can form spontaneously after the laser scan ends and annihilate (blue line in Fig. S3(d) ). For the soliton annihilation case, the length of the soliton step is found to be ∼13 ns, much shorter than the length under τ 0 =100 ns (>100 ns, see From the results in Fig. S3 , despite the discrepancy in the laser tuning speed in the simulations and experiments, the general characteristics, e.g., coexistence of soliton annihilation and survival, and spontaneous soliton generation in DSG are captured. The number of solitons generated is larger when using a higher pump power and larger detuning in simulations, similar to experimental results in Fig. 3(f) of the main text. For instance, if we increase κ|E in | 2 to 0.13 mW, and tune ∆ 0 from −3 to 28.3 linearly in 0∼2 µs and hold it at 28.3 in 2∼4 µs, the soliton number is 8 for the case of
DIRECT SOLITON GENERATION UNDER HIGHER PUMP POWER AND LARGER DETUNING

